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Abstract  

A method is presented for calculating standard deviations of 
Cremer-Pople ring-puckering coordinates. 

The puckering of an N-membered ring (N > 3) may be 
described mathematically by the coordinates devised by 
Cremer & Pople (1975). A method is presented here for 
calculating the standard deviations of these quantities. For 
convenience, it is assumed that the atomic coordinates are 
expressed relative to an arbitrary set of Cartesian axes with 
the origin at the geometrical center of the ring. Thus, if the 
position vector of thej th  atom is Rj, then 

N 

Z R j = 0 .  (1) 
j = l  

Cremer & Pople define a mean plane containing vectors 
R' and R" given by 

N 

R ' =  Z Rjs in[Zn(j - -1) /N] ,  (2) 
j = l  

.N 

R " =  Z Rjcos[Z~(j--1) /N].  (3) 
j = l  

The perpendicular displacement of the j th  atom from this 
plane, ~, is 

~j = Rj.T/I TI, (4) 

where 

T = R' x R". (5) 

When N is odd, the Cremer-Pople puckering coordinates 
are then qm and ~om[m -= 2, 3 . . . . .  (N -- 1)/2] in the formulae 

N 

q,,,cos~om=(2/N) v2 ~ ~cos[27rm(j-  1)/N] (6) 
j = !  

and 

N 

qm sin ¢Pm = - (2 /N)  x/z Y ¢j sin[2nm(j - 1)/N]. (7) 
j = l  

When N is even, there is an additional puckering 
coordinate: 

N 

qN/2 = N-1 '2  if[ ( - - l y - '  ~j. (8) 
j = l  
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The variances Ofqm[= O'2(qm)] and ~pm[= 0"2(¢pm)] are given 
by 

aZ(qm) = Z Z (Oqm/~Pj)(tgqm/~Pk) COV (Pj,Pk), 
j k 

(9) 
o2(~Om) = vv_ y (~¢./~Pj)(~O~/OPk) COV (pj,pk), 

j k 

where the pj, Pk are the ring-atom coordinates, and 
coy (pj,p,) is the covariance ofp j  and Pk" If the covariances 
are not available from the least-squares correlation matrix, 
it is necessary to assume that the atomic coordinates are 
independent, i.e. 

cov (Pj,Pk) = 0 (PjePk),  (10) 

COV (PJ,Pk)= O'2(pk) (P j :Pk )  (11) 

[e2(pk) = variance of Pk]. Consequently, (9) may be written 

o2(qm) = y (~qm/~pk) 2 o2(pk), 
k 

(12) 
G2(~Om) = Y (&oJ~pk) 2 a2(pk). 

k 

In order to calculate the required standard deviations, it is 
therefore necessary to evaluate the partial derivatives of qm 
and q~m with respect to the ring-atom coordinates. If the 
atomic coordinates of the j th  atom relative to the arbitrary 
set of Cartesian axes are (xj,yj, zy), and the components of T 
are X, Y and Z, i.e. 

R i =  xj i  + y j j  + zjk, (13) 

T = XI + r j  + Zk, (14) 

then (4) may be rewritten as 

~i = (xi X + 3~ Y + zjZ)/ITI .  (15) 

From (14), 

[TI = (X 2 + y2 + Z2)1/2 (16)  

and from (2), (3), (13) and (14), 

N N 

X=- • ~ SijYiZy, (17) 
i = l j = l  

N N 

Y =  Z Z Sijzixj ,  ( 1 8 )  
t = 1 j = 1  

N N 

Z =  ~ ~" SuxiYj,  ( 1 9 )  
i = l  j = i  

© 1980 International Union of Crystallography 



S H O R T  C O M M U N I C A T I O N S  829 

where 

Then, 

Sij = sin [2zr(i - 1)/NI cos [2zc(j - 1)/N] 

- cos  [2zr(i - 1)/N] sin [2z~(j - 1)/N]. 
(20) 

aX/ax j  = oY/ayj = aZlOzj = o, (21) 

N 
- -aX/ayj= aY/ax j= Z Sljzi, (22) 

i=1 

N 

--OWOZj = OZ/~Yl= Z S i jx i '  ( 2 3 )  
t=1 

N 

--OZ/Oxj= OX/Ozj= 57 Stjy i (24) 
l=1 

(note that St; = --Sit). 
Differentiation of (15) with respect to an atomic coordin- 

ate, Pk, gives 

ITI (O~Hap k) = xj(OX/Opk) + X(Ox/Opk) + yj(Or/Opk) 

+ r(oyJOpk) + zj(aZ/Opk) + Z(azj/Opt,) 

-- ~j(OITI/~pk). (25) 

Each (O~j/Opk) may therefore be evaluated by using (21) 
through (25), and the additional relationships 

cqlTI/Opk = [X(OX/c3pk ) + y(oY/Opk ) + Z(OZ/Opk)I/ITI 
(26) 

and 

Ox/Opk = 0 (Pk ~ x~), 
(27) 

= 1 (Pk = xj), etc. 

Evaluation of the required derivatives is now 
straightforward. Differentiating (6) and (7), 

cos Cm( Oqm/ C~pk) -- qm sin q~m( C3~Om/ OPk) 
N 

= (Z/N) v2 57 (c3~j/Opk) cos [Zztm(j -- 1)/N], (28) 
j = l  

sin ~Om(Oqm/OPk ) + qm COS (pm(O(pm/OPk) 
N 

-----=--(2/N) 1/2 57 (O~j/Opk) sin [ 2 z c m ( j -  1 ) / N ] ,  ( 2 9 )  
j = l  

and solving the simultaneous equations for (Oqm/Opk) and 
(OOm/OPk), one gets 

N 

O~Om/Opk=--(2/N) 1/2 {sin ~0 m ~. (O(j/Opk) 
j = l  

N 

x cos [ 2 , t m ( j -  1)/N] + cos ~o m Y (O~l/Op k) 
J= l  

x sin [2z~m(j - 1)/N] }/qm, (30) 

N 

Cgqm/Opk = (2/N) u2 Icos ~o m 57 (O~j/Op k) 
j = l  

N 

x cos [2zrm(j-  1)/N] - sin Om } (O~i/OPk) 
i = l  

x sin [2zcm(j- 1)/N]}. (31) 

For the additional coordinate when N is even. 
N 

cOqu/2/OPk = N -v2 Y (--1) J-1 (c~l/Opk). (32) 
j = l  

Cremer & Pople have shown that in the case of 
six-membered rings (N = 6), the three puckering coordinates 
(q2,~02) and q3 may be transformed into a 'spherical polar' set 
(Q,O,~o), where 

q2 = Q sin 0, (33) 

q3 = Q cos 0. (34) 

The variances of Q and 0 can be related to those of q2 and 
q3 by the expressions 

a2(Q) = (OQ/Oq2) 2 a2(q2) + (OQ/Oq3) 2 a2(q3), (35) 

02(0) = (O0/Oq2) 2 a2(q2) + (O0/Oq3) 2 a2(q3). (36) 

Performing the differentiations and simplifying the resulting 
expressions, one gets 

a2(Q) = sin 2 0 a2(q2) + cos 2 0 cr2(q3), (37) 

0"2(0) = [cos 2 0 a2(q2) + sin E 0 aE(q3)]/Q 2. (38) 

When 0 approaches 0 or 180 ° (corresponding to only 
slight distortions from the perfect chair form), ~0 becomes 
increasingly indeterminate, and this is reflected in very large 
estimated standard deviations, even for precisely determined 
structures. For example, the L-arabinopyranose rings in the 
neutron diffraction studies of fl-DL-arabinopyranose (Takagi, 
Nordenson & Jeffrey, 1979) and fl-L-arabinopyranose 
(Takagi & Jeffrey, 1977) have ~0 values differing by 23.2 °, 
but this difference is only just significant: 

fl-Du-arabinopyranose: Q = 0.584 (1) A, 0 = 2.1 (1) °, 
~0 = 140 (3)°; 

fl-L-arabinopyranose: Q = 0.573 (2) A, 0 = 1.5 (2) °, 
~0 = 116 (7) °. 

A program for performing these calculations is available 
from the author. 

Thanks are due to Professor B. M. Craven for helpful 
comments. This research is supported by Grant No. 
GM-24526 from the US Public Health Service, National 
Institutes of Health. 
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